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1. INTRODUCTION 
The study of the oscillation of second order nonlinear ordinary differen- 
tial equations with alternating coefficients is of special interest. Many 
criteria have been found which involve the average behavior of the integral 
of the alternating coeffkient. These tests have been usually motivated by the 
classical averaging criterion of Wintner [19] for the linear case. Among 
numerous papers dealing with such averaging techniques in the second 
order nonlinear oscillation, we choose to refer to the papers by Butler 
Cl, 23, Butler and Erbe [3], Kamenev [4, 51, Kura [7], Kwong and 
Wong [S-IO], Onose [ll, 121, Philos [13-181, and Wong [20-241, and 
to the references contained therein. The purpose here is to present a new 
oscillation criterion for second order superlinear ordinary differential 
equations, by using an integral averaging technique. 
Consider the second order nonlinear ordinary differential equation 
x”(t)+a(t)f[x(t)]=0, (E) 
where a is a continuous real-valuedfunction on an interval [to, co) without 
my restriction on its sign and f is a continuous real-valued function on the 
real line R, which is continuously differentiable on R-(O) and satisfies 
Yf(Y)>O and f’(Y)20 for all y # 0. 
We are interested in the case where (E) is strongly superlinear in the sense 
that 
s edy<co -cc dy f(Y) and -<co. f(Y) 
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Our attention is concentrated only to such solutions x of the differential 
equation (E) which exist on some interval [I,, 00 ), t, >, t,. The oscillatory 
character is considered in the usual sense, i.e., a continuous real-valued 
function on an interval [T, co) is said to be oscillatory ifit has arbitrarily 
large zeros, and otherwise it is said to be nonoscillatory. Equation (E) is 
called oscillatory ifall its solutions are oscillatory. 
The special case where f(y) = 1 yl y sgn y, y E R (y > l), i.e., the case of the 
differential equation 
x”(t) + a(t) Ix(t)17 sgn x(t) = 0 (Y>l) 
is of particular interest. Equation (E,) is the prototype of (E). 
Wong [21] proved that the conditions 
(Eo) 
lim inf I 
f 
a(s) ds> --oo (A,) 
1-m (0 
and 
limrzp f j’ (t - S) a(s) ds = CC (A,) 
m 
suffice for the oscillation f(E,). Recently, the author [ 151 presented an 
extension of Wong’s result o the general case of the differential equation 
(E). More precisely, the author showed Theorem A. 
THEOREM A. Equation (E) is oscillatory if(A,) and (AZ) hold and: 
(F,) f is such that 
jamdy<a and j-emdv<a 
f(Y) 
( ) * 
f(Y) - 
min 
iin, [r $FdJ, inf [r$+I 
Y>O r”o dz y < 0 rrm dz 
JY f(z) JY f(z) 
Very recently, Wong [24] obtained a new oscillation criterion for the 
special case of the differential equation (E,). This criterion establishes that, 
under the conditions (A,) and 
(t-s)“-‘u(s)ds=oo for some integer n> 2, (A3) 
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the differential equation (E,) is oscillatory. It is therefore natural to ask 
whether (A,) and (A3) would imply oscillation also for the general case of 
the differential equation (E). The main purpose of this paper is to present 
a new oscillation result for the general equation (E), which includes 
Wong’s preceding oscillation criterion. 
It must be noted that in the linear case, i.e., inthe case of the equation 
x”(t) + a(t) x(t) = 0, Kamenev [6] proved that the condition (A3) is suf- 
ficient for the oscillation. Kamenev’s criterion includes the classical 
Wintner’s oscillation result (see [ 191). 
2. MAIN RESULT AND SOME REMARKS 
Our main result is stated in the following theorem. 
THEOREM. Equation (E) is oscillatory if(A,) and (A3) hold and: 
(F) f satifies (*) and 
Proof Let x be a nonoscillatory solution on an interval [T, co), 
T> max{ t,, 1 ), of the differential equation (E). Without loss of generality, 
this solution can be supposed such that x(t) # 0 for all t > T. We observe 
that the substitution u = -x transforms (E) into the equation u”(t)+ 
a(t) p[u( t)] = 0, where j(y) = -f( -y), y E R. Since the function % is sub- 
ject to the conditions posed on f, we can assume, without loss of generality, 
that x is positive on [T, co). Next, we define 
x’(t) 
w(t)= f [x(t)] ’ 
t>T 
and we obtain 
w’(t) = -a(t) - w’(t) f’[x(t)] for every t > T. (1) 
This gives 
-w(t)= -w(T)+~~a(s)ds+~~w*(s)f’[x(s)]ds, taT. (2) 
We consider two cases where JF w2(s)f’[x(s)] ds is finite or infinite. 
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Case 1. j? W*(J) f’[x(s)] ds < co. In this case we have 
s 
’ w*(s) f’[x(s)] ds G N for all t 2 T, (3) 
T 
where N is a positive constant. Furthermore, by using the Schwarz 
inequality, for t > T we derive 
’ 4s) w*(WC~(~)l ds 
T 
= (t - T) 1’ w*(s) f’[x(s)] ds 
T 
and thus, by (3), we get 
’ w(s)dmds *<Nt for every t >,T. (4) 
T 
By condition (F), there exists a constant A4 > 0 such that 
q’fm Ix,, 5 & > M for t >, T. (5) 
Now, we put 
K,jm mdy>O 
.x(T) f(Y) 
and then, in view of (5) and (4), for any t 2 T we get 
=M2[K-j; w(s),/‘fmds]-* 
’ II 
-2 
4s) &%?8 ds > M*(K+fi)-* 
T 
>M*(Kfi+fi)-*=M*(K+,/%-’ f. 
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Thus, by setting c= M’(K+ a)-” > 0, we have 
f’Cx(t)l2 f for all t 2 T. 
Therefore, (1) gives 
a(t) ,< --d(t)- $ d(f) for every t 2 T. 
Hence, for t 2 T, we obtain 
J ; (t-.s)“-‘a(s)ds 
d -Jo (t--)‘l-l~‘(~)ds-c s:$ (t-s)n-’ w*(s)ds 
=(t- T)n-’ w(T)-@- 1) 1; (t-s)n-2W(s)ds 
-c s ;, 5 (t - s)” - ’ w’(s) ds 
=(t- ,)“-I w(T)+@$-f j’ ~(t-sS)~--~ ds
7 
f 
- 
j [J T 
5 (&#-‘)/2 ,(,),yL 4 (t-s)‘“-3V2]2ds 
(n-q2 ‘-T 
<(t-T)‘+’ w(T)+7 ?’ (t--u)u”-“du 
=[~(T)-‘;;!i(t-~)~-~~~~(~~~) t(t-Ty-2. 
Thus, we have 
As,: (t-s)“-la(s)ds 
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for all t > T. This gives 
which contradicts condition (A3). 
Case 2. 17 w*(s) f’[x(s)] ds = co. By condition (A,), from (2) it 
follows that there exists a constant p such that 
-w(t)>p+ ’ w’(s)f’[x(s)] ds 
s for all t > T. (6) T 
We consider a f> T so that 
s 
F 
C=p+ w*(s)f’[x(s)] ds > 0. 
T 
Then (6) says that w is negative on [p, CC ). So, by multiplying (6) through 
by 
-w(t) .fW,l/ [ cL + J’ w*(s) f’Cxb)l ds] 
T 
and next integrating over [f, t], we get 
log P+{‘T w~M~‘CX(~I dsalog fCx@)l 
C f CX(f)l 
for t > i? 
Thus, for every t > f it holds that 
s t P+ w2(s)f'Cx(s)Idsk cm@)1 T fCx(t)l .
The last inequality and (6) give 
x’(t)< -Cf[x(f)]<O for all t 2 F, 
which leads to the contradiction lim, _ o. x(t) = -co. 
Remark 1. In the special case where f(y)= lyly sgn y, ye:R (y> l), we 
have 
f’(Y)=? lYly-L, YZO 
312 
and 
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f 
(sgn-p)m Jjqg dz = 2y1'2 
f(z) 
y _ * lyp7v2 for y#O 
” 
and consequently condition (F) is satisfied. Thus, by applying our theorem 
to the particular case considered, we conclude that the conditions (A,) and 
(A3) are sufficient for the oscillation of the differential equation (E,). The 
last result has been proved by Wong [24]. Hence, Wang’s criterion can be 
obtained as a corollary from our theorem. 
Remark 2. As it is verified in [lS], condition (F) implies (F,). Hence, 
from our theorem and Theorem A we obtain the following result: Equation 
(E) is oscillatory if (A I) and 
lim sup -$ I’ (t-s)“-‘a(s)ds=co for some integer n 3 2 (A4) 
t--rco tn 
hold, and (F) is satisfied. Condition (A4) unifies conditions (A,) and (A3). 
Remark 3. Let us consider the assumptions: 
(F’) (* ) holds, f’ is increasing on (0, CC ) and decreasing on ( - co, 0), 
and 
(F”) (*) holds, f' is positive and continuously differentiable on R-(O) 
with yf “( y) 2 0 for all y # 0, and ff I’/( f ‘)’ is bounded on R-(0 >. 
For these conditions we have (see [ 151) 
(F”) =G- (F’) * (F). 
Remark 4. The class of the differential equations of the form (E), for 
which the conditions on f of our theorem are valid, is sufficiently wide. For 
example, the equation (E,) belongs to this class. Also, this class contains 
(see [15, Examples 1 and 31) the differential equation (E) with f(y) = 
ly17{~+sinC~og(~ + l,vl)l} spy, YER (Y> 1, A> 1+ J/Y) or f(y)= 
(yl’ sgn y + y, y E R (y > 1). So, we can say that the assumption (F) on the 
function f is not very restrictive. 
Remark 5. It is known that (cf. Yeh [25]) Equation (E) is oscillatory tf 
(A3) holds and: 
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(F*) There exists a positive constant k such that 
.f’(y)bk for all y#O. 
Note that in the special case where f(y) = lyJy sgn y, y E R (y > l), condi- 
tion (F*) is not satisfied while (F) holds. On the other hand, there exist 
cases in which (F*) is fulfilled while (F) fails. Such a case is that where 
f(y)=ylog2(~+ Iyl), PER with /.L> 1 (see [15, Example41). 
Remark 6. Our oscillation criterion can be extended to more general 
differential equations involving the term (rx’)’ in place of the second 
derivative x” of the unknown function x, where r is a positive continuous 
function on the interval [to, co). 
3. AN EXTENSION 
Now, let us consider the more general case of the differential equation 
with a damped term 
x”(t)+q(x)x’(t)+a(t)f[x(t)]=O, (E*) 
where q is a continuous function on the interval [to, co). Only such solutions 
x of (E*), which exist on some ray [t,, co), t,> t,, are considered. Our 
main result can be extended for (E*) as follows: 
Let q be nonpositive and increasing on [to, IX). Moreover, suppose that 
(F) holds. Zf (A,) and (A3) are satisfied, then all solutions of (E*) are 
oscillatory. 
Indeed, let x be a nonoscillatory solution on an interval [T, co), 
T>max{t,, l}, of the differential equation (E*). Without loss of 
generality, we- assume that x(t) # 0 for all t > T, and next we restrict our- 
selves only to the case where x is positive on [T, co). Furthermore, we 
define w(t) = x’(t)/f[x(t)], t > T. Then we get 
w’(t)= -a(t)-q(t)w(t)-w2(t)f’[x(t)] for every t 2 T (1)’ 
and consequently 
w(t) = - w(T) + 1’ a(s) ds + J” q(s) w(s) ds 
T T 
+s’ w2(s) f’[x(s)l & t>, T. (2)’ T 
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By the Bonnet theorem, for a fixed t > T and some C: E [T, t] we have 
j’ ds)w(s)ds=q(T) j; w(s)ds=q(T) ,:a ds 
T  
jxTT, 6: 
since q(T) Q 0 and 
0, if x(O<x(T) 
s 
~(5) dy 
x(T) f(y)< jTTj $), if x(t) >x(T). 
So, it holds that 
I 
I 
q(s) w(s) ds 2 9 for all t B T, (7) 
T  
where 8 = q(T) JxyTj [l/f(v)] dy. Now, we consider the following two 
cases : 
Case 1. j? w2(s)S’[x(s)] d s < co. As in the proof of our main theorem, 
we conclude that there exists a positive constant c such that 
f’Cx(t)l a 5 for t > 1: 
Thus, from (1)’ it follows that 
a(t)< -w’(t)-q(t) w(t)-: w’(t) for every t 2 T. 
Therefore, by (7), for any t 2 T we derive 
5 1 (t-~)~- a(s) ds 
=-- j;(t-s)“-‘q(s)w(s)ds-j;(t-s)“-‘w’(s)ds 
-C 
s 
:f (t-s)“-’ w2(s)ds 
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= -(n-l) j’ (i-s)“-2[ji 4(‘)w(++&+(l-T)“-In(T) 
T T 
-(n-1)j’ (t-,,n-2w(S)ds-cl:f(f-s)“-‘W2(S)ds 
T 
<-(n-1)9 ~(I--s)“-Zds+(l-T)“-‘w(T) 
5 
I - 
j [J T ; (t-s)(“-1)‘2W(S)+ 
!$ \i”F (l-s)I”+ ds 
n-l 
-9+ “(g-T 1 (t- T)..1+41;RI;) t(t- 7y 2. 
Because of condition (A,), we can easily arrive at a contradiction by the 
procedure of the proof of our theorem. 
Case 2. j? w2(s) f’[x(s)] ds = co. By condition (A,) and (7), we have 
that (6) holds for some constant p. Thus, as exactly in the proof of our 
main theorem, we can arrive at a contradiction. 
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